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1. Introduct ion

It has been observed expe r imen ta l l y (Schubaue r and Skramstad 1948;

R o s s  et al. 1970) tha t  the  e a r l i e s t  s tage of b o u n d a r y - l a y er t r a n s it i o n  on

smooth flat  p lates  in l o w - t u r b ule n c e  s t r e a m s  invo lves  the r a p id g r o w t h  of

t w o - d i m e n s i o n a l  t r a v e l in g  w a v e s  knowt -i as T o l l mie n- S ch l i c ht i ng  waves .

W i t h  t he  b o u n d a r y - l a y e r  s t ab i l i t y  t h e o r y,  onl y the  g r o w t h  ra te  of t h e s e

p lane  waves  can he e s t ima ted  s a t i s f a c t o r i ly .  The  n e c e s s a ry  l ink  between

the in i t i a l  a mp litude of t h e s e  w a v e s  and t h e  aml)~ent  d i s t u r b a n c e  level  is as

unknown today as it was 30 yea r s  ago (Mack 1977). Tollrnien -Schlicht ing

waves can most  cer ta inly be excitable analytically. The na ture  of thei r

exci tation has not yet  been def ined but m u s t  r equ i re, as does the  excitation

of any resonant oscillation, superposi t ion of complemen ta ry  solutions (con-

ceptually provided by stabil i ty t h e o r y )  and of par t icu lar  solutions fo r

boundary -laye r  response  to local ex te rna l  d i s tu rbances.  Trea tments  of

the latter are  incomplet e , and m o r e  r e s e a r c h, such as the p r e sen t  theory ,

is needed (Reshotko 1976; Arna l  and Juillen 1977).

- 
. T h e r e  a r e  t h r e e  t h e o r i e s  to exp la in  uns tead y i n f i n i t e s i m a l  d i s t u r b a n c e s

in a l a m i n a r  boundary  l a y e r .  In one , it is a s sumed  tha t  the  s u r f a c e  is

v i b r a t e d  in the  s t r e an l \v i s e  d i r e c t i o n , p r o d u c i n g  u n i f o r m  o s c i l l a t o r y  ambient

f low ( R i l e y  1975; Patel 1973) .  In a n o t h e r , the  e f f ec t  of soun d on l a m i n a r

S b o u nd a r y  l a y e r s  ( I l l ingwo r t h  1958; M a c k  i975~ is studied , a coup l ing  that is

f a i r l y well  unders tood hut has  l i t t l e  e f f e c t  in subsonic  wind tunne l s

( R e s h o t k o  1976). In a t h i r d  and in the p r e s e n t  stud y ,  the e f fe c t s  of ambien t

I.  ~
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convected disturbances a re  investigated. In these models , the f r ees t r eam

turbulence or vort ici ty,  the most influential t r i g g e r s  of t ransi t ion in low-

speed wind tunnels , ~~ e approximated. Kestin , M eader , and Wang ( 196!)

a ssumed that the waves were  oriented to t r avel  pu rely in the streamwise

d i rec tion. They calculated the f i r s t  depar ture  f rom a quasi-steady f low.

C r im in ale  (1976 , 1971) assumed that the f r equency  and all wavenumbers

w e r e  real  and found the e f fec t  of a point source of no rma l  velocity located

at the  f ini te  b ounda ry  laye r edge. He concluded e r roneous ly that  the

l a r g e s t  d i s t u r b a n c e s  occur  in the b o u n d ar y  l a y e r . R og ler and Reshotko

( 1 97 5 )  inves t iga ted  a model in which the imposed convected d is turbances

f o r m  a square vor tex lattice that did not decay down st r eam.  T heir  st ud y,

as does th i s ,  indicates  that  max imum d i s tu rbance  ve loc i ty  occur s  outside

the boundary  l ayer  and that  maximum d i s tu rbance  vort ici t y occurs  at the

s u r f a c e .

The p re sen t  th e o r y  advances  the  field in s eve ral  ways .  Because it is

an a s y m p t o t i c  th e o r y  fo r  v e r y  l a rge  Reynolds  n u m b e r s ,  c lo sed - fo rm

expressions  for  m aximal  d is turbance velocitie s are  achieved , -~s well as

exp licit pa rame te r  va r i a t i ons  not g ive n b y nume rical  calculations at a finite

R e y n o ld s  n u m b e r .  The p r es e n t  fo rmulae  alone a r e  simple enoug h that they

can be comhin ed later  wi th  comp l e m e n t a r y  solut ions f r o m  asymptot ic

st ah~~i t v  t heo ry  to exp la in  how convected dis turbances  genera te  Tolimien-

S c h I ~~. ht in g  waves .  A fundamenta l  solution (for  a ha rm onic  line source at

a g e n e r ic  location u p s t re am~ is p resen ted , thus allowin g the desc r iption of

8
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p a r t i c ul a r  d i s t u r b a n c e  f ie lds  such as the square  la t tice  of Rog ler and

R e sh o tk o  ( 1 9 7 5 )  b y s u p e r po s i t i o n .

R e c e n t  s tudies  of the con t inuous  spec t rum of the O r r- S om m er fe ld

eq ua t i o n  ( M a c k  1976; N l a r d o c k  and S t ewar t son  1977; J o r d in s o n  1971;  A n t a r

and  B en e k  1978; Gr o s ch  and Salwen 1978) allow d i s t u rb a n c e s  of bounded

• v a r i a t i o n  f a r  f r o m  the  s u rf a c e .  These  ci genva lue  s e a r c h e s a r e  onl y

r e l e v a n t  to d e s c ri p t i on s  of b o u n d a r y - l a y er r e sponse , but s t ab i l i ty  app lica-

t i o n s  w er e  expec ted .  In t h e s e  s tu d i e s ,  a f in i t e  b o u n d a ry - l ay e r  t h i c k n e s s

w a s  d e f i n e d  and the  Reynold s n u m b e r  ~~as f in i te .
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.~~ . F r e e s t r e am  d i s t ur b a n c e s

. A d e s c r i p t i on  01 t h e  e x t e r n a l  d i s tu r b a n c e  f i e l d  t ha t  would ex i s t  fri t h e

a b s e n c e of t h e  f la t  p l a t e  hel ps t o  exp la in  hov• t he  t h e o r y  f o r  b o u n d a r y — l a y e r

~ p o ns c  to  a S i I ~~ I ~‘d v c ! lU f l 1 b c  r C O n 1 1) o t l e l l t  ( Se c t i on  3) w i l l  be deve loped

i : l t o  ) h v s i c a l v a r i a u h s )~~ec t i o f l  4 ) .

O n ly  t \ ‘ o — d i t f l L y l  s ion a l  e x t e r n a l  h i s t u  1 1 ) I f l  ( e s  a re  cons  ide r ed .  Since

T o l l m i e r i — S c h l i c h t  i n c  w a v e s  of i nt e  r e s t  f o r  l a ter  e x t e n s i o n  of p re s e n t  t h e o r y )

a r c  t wo d i n~ en s i o na l . it is u n l i h e  lv t H a t  t h e  S p ec t r um  0 d i s tu r b a n c e  e n e r g y

in  t n c  t u r d t r a n s v & r s c ~ d i me n s i o n  is Ot  c r i t i c a l  in ~~) o r t an c e  in the  i n i t i a l

l i n  c-a r s t i  cc 0 t -l o h m  ~en — S h l ie  tm  v. a v e  g & n  c r a t i o r  -r h e  5 pe ct r u m  of

e n &  r c v  in t n c  u r m  1 and s t r e i m u v i s e  d i r e c t i on s  is c r i t i c a l  fo r  t h i s  app l i c a —

- b m t  t e  re is  u t  a st a ida  rd sn e c t r u  ~Ii \ V In ( 1  t n m c l s .  T h e  p r e se n t

t H e o r y  can )C a n o t o - d  t~ t u r r i e n t  s t r e am s  by  i n t e~~r at  ing  t h e  sin g l e —

f r e ~~u e i c v  t h i o r \  r e s u l t  o v e r  an a p p r o p r i a t e  s p e c t r u n .

I n t h e  or e s  c t  t a  0 u • t c e xt c  r n a l  st r e a m  is d i s t u rb e d  onl y by  a sin g le

h a rm o n i c  l in e  d i s t u ru a r i c e  v i t h  a l a m i n a r  w ah e  ( f i g u r e  1 )  l ik e  a K a rr n an

v o r t e x  s t re e t .  Of c o u r s e  , in t h e  is OH I st r e e t  s c e n e , t h e  v o r t i ce s  a re  d is  —

cr e t e  ari d h a v e  j u t e  r a c t e d  to f o r m  a d o u b l e  r \ v . Line a  r i t v  r e q u ir e s  c ol i n e a r

v o r t i c e s  and at -  rm - t s c o n t i n uOU s  s h e d d i n g .

T h e re  a r c  s t v c  r a l  r e a s o n s  w hy  t h i s  d i s t ur b a n c e  was  c ho s en .  It is t h e

in ost  fu n d a  m e n t a l  ha r i n on i  c d i s t u r b a n c e  f r o m  a l ine  so u r c e , and any  t w o —

d i m e n s i on a l  d i s t u r b a n c e  f i e l d  can c o n c e p t u al l y he g en e r a t e d  b y use of the

p r e s e n t  r e s u l t  as a G r e en ’ s t l i ! i c t i ( f l i . T h i s  d i s t u r b a n c e  model  c lose l y

11
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s i m u l a t e s  the  e f f e c t s  of t he  v i b r a t i n g  r i b b o n s  used in the  c r i t i c a l

e x p e r i m e n t s  ( Sch u b a ucr  and S k r am s t a d  1948: Ross  et al .  1970;  K a c l ia n o v ,

K o z l o v  , and 1 a -v c h e n k o  1970) .  It e n a b l e s  a ph y s i c a l  i n t e rar e t a t i o n  of the

r t . s u i t s ( d i s t u r b a n c e  m n z i x i m . t  ar e  P r e s en t e d  in S c ct i u n  4 in ph y s i c a l  v a r i a b l e s

r a t h e r  t h a n  in w a \ t n u l l l ) e r  o i l y ) .  It  i so p r o v i d e s  j u s t i f i c a t i o n  f o r  s t u dy i n g

on l y  \ v av e : i u m c r S  v , H O S e  o r de r  of n a g n i t u d e  is c o m p a rab l e  ‘r : t n  r e c i p r o c a l

b ou n d a r y — l t y c r  t h i c h i e s s .

If  x d en o t e s  t h e  d i s t a n c e  c l o w i s t r e an i  i r on  t h e  l e a d i n g  edg e , and v t he

n o r m a l  d i s t a n ~~e f r a n  he  su r ~~~ce , a d i s t u r b a n c e  s t r e a m  f un c t i o n  L p r o v i d e s

d i s t u r b a n c e  v e l o c i ty  cL n o i c o t s  ~ a n d  —~~. . A so a l l  c v l i m i d e r  or  r i bbon
- \ X -

one w i t  a \ c [d t i t a t  is u 0 l j 0 i b l . - c i  a ir e d  t o  i t s  d i s ta n c e  f t - u n  t h e  l e a d i n g

t d c e )  is ~ at e c i it x 0 md . I f  at t i n e t ,  t o -  d i s t u r b a i c  e s o u r c e  sheds  a

s i n c le  v o r t i - x  01 c i r c i t a t i ~~o r .  t ’ c v e r t e x  m i s t  con~~is t  a bo th  a a t en t i a l

v o r t l - \  m d  a r~~t m t  m i n i  cu r e , o r  t h e  v o r t e x  m i t e r  w i l l  n o t  e x h ib i t  s o l i d — b o d y

- t a t ion ) R t t  I~~ ~l . l i e  r t ~ j t i O 1 i i l  ~~o rc  i m as t  O r  con v e c ted  \v i t h  t n e  f low in

a c c o r d a n c e  w i t h  t i e  v r t i c i t v  t r a n s p rt  e q u a t io n , and  t h e  p o t e n t i a l  \ or t e x

iii st i c c  0 1 1 1 - m a n y  it , on m i i v s i c i t l  r a t l i c  - t h a n  r i i ~~t 1 i e t n at i c a I  g ro u n d s .  T i c

d i s t u r b a n c e  st  r e a m  u u  t H u  iii t i e  ab s e n ce  at  t h e  p la te  t h e n  is

L ( t  - t
0

) -~~~~~~~~ ~lo g  r ~~~ i~~~[ r ~~~~~ ]?  ( 1 )

u - i ~~- r e

r~ [x - - U ( t  - t
0~]~~ 

. (v  - v 0
)~

1 - ~

TI~~~ . •:: : ~~~~~~ -



and denotes the exponential integral . If such vor t ices  are  shed

c o n t i n u o usl y and harmonicall y,  beginning at t ime t~ = 0, with f requency  w

a n d  wi th  peak c i r cu la t ion  addition rate  r , then ~ is the real par t of

Ff e
_
~~~

t 0~~ (t - t 0
) (3 )

• T he r e a l  par t  of ~i is a s sumed  t h ro u g hout . If T is i n t roduced  as the  t ime

since- t u r n  on ,

e~~
t

L - rj  e~~
T

~~l o g { ( x  - x0 - U T (~ + (y  - y 0
)~~I

[(x - x0 - 
UT )~ + (y 

-

4vT

Only  the  s tead y - s t a t e  v e l o c i ty  c o m p o n e n t s  a r e  of i n t e r e s t.  They  a re

o b t a i n e d  by d i f f e r e n t i a t i ng  ~ wi th  r e sp e c t  to y or x and t a k i n g  the  lin t as

t ~~~ , w h i c h  e x is t s .  \V h e n  the  R ey n o l d s  n u m b e r  that  is based  on the  dis-

t a n c e  d o w n s t r e a m  fr o m  the  source  x - x0 is v e r y  l a r g e , the  ve loc i ty  corn-

p onen t s  ir e  exp l ic i t l y

r. x - x0\]~~~L / ( y j  j ~~~~ - F_
eXp [iW~ t - 

U /j~ j )~ / l x ~ iTT i ( F ~ + F ) ~

I -I
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w l m e  re

4 1 e x p  ~~ (y - e r I c  (
~ 

L(X - x 0 )]
112 (~ ~~~~ 

Lx I 1/ a

)

(td

1 he e r r o r  is ot  o rd& ’ r one o v e r  the  root  ili’ v r ;o l d s  n u i m i b e ’  r. It can be’ v e r i f i e d

• t h a t  c)~~/ 0 v  is odd in v - V 0 and c)~ /c) X is e v e n  in y - v 0
. h o t h  decay  t r an -

s c en d e n t a l l y as the ’ n i a g n i t u c i c i m i  y — v 0 
g r o w s  wi thou t  bound.

it is des i red to ex a m i n e  t h e  v — 1-our ic  r t r a n s fu  rm ut the  se’ components

b e c a u s e  the ’ t h e o r y  f o r  ( i i s t u rl ) t n c es  in the  p r e s e n c e  of a p late  is e x p r e s s e d

as  t h e  r e - spouse  to •t  s i n g le- t r a n s v e r s e  u a \  e m u i i i h e r .  I 1 i -  v t - l o c i t v  t r a n s —

f o r  ins a re  de m e d  by

~~~~~~~ 

e~~~~~ ex p [ i ~ ( - 

X x
o)I ~~~)y ~ d y ( 7 )

and found  to be

= i~
t _
~ ~ ~ ~~~ 

~(x x~ ) 

~~~ 
i~

)
~ ~‘~°I 

( 8 )

The  ar g u m e n t  of the  ‘-‘b ; o r i en t i a l  f unct ion should have a real part  of

o r d e r  one if t h e r e  is to he s i gn i f i c a n t  d i s t u r ba n c e  a m p l i tude .  In addit ion ,

it i s  not  l i m i t i n g  to a s s u m e  tha t  x - x0 is c o m p a r a b l e  w i t h  the distance x

15
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4
f r o m  the leading ed ge of a plate , if a p la t e w e r e  p resen t .  T h e r e f o r e ,

n o r m a l i z e d  f r eq u en c y  £2 and t r a n s v e r s e  wavenumb e r L ar e  d e f i n e d  as

fo l lows .

-

~~~~ 

£2 R ix = LR R : (-Ti)  (9 )

The  p a r a m e t e r s  £2 and L a re  assumed to be of o rder  one. L is r e a l ;  £2 is

posi tive. R is the l a rge  p a r a m e t e r  in this  asymptot ic  theory .  In most

st ab i l ity th eo r i e s , R is th e R eynolds number  t~ at is based on some

b o u n d a r y - layer  t h i c k n e s s ,  but here  it is the root x -Reynolds  number  f o r

s i m p licity.  \V it h no rma l i zed  pa rame te r s ,  (8) becomes

~ z exp [ (x - x 0
) 

(~ l~ + L
2 ) - iLT ~0] 

(10)
~ ~ (x )~ ~~ U R( 12 * L

w h e r e  is y 0 R / x .  Thus , the lamin ar wake behind an osci l la t ing vor t ic i t y

• so urce  grows parabol ica l l y downs t r e a m .  Its width is of o r d e r  x - x0 over

the  root Reynolds number  based on x — x0. Th is ch a r a c t er isti c th ickness

es tab l i shes  the c h a r a c t e r i s t i c  w a v e n u m b e r  region of in te res t  to be that

w h e r e  L is of o rder  one . Since the exponential function argum ent , in squ are

b r a c k e t s  in ( 10) , has  a n e g a t i v e  real  part  of o rder  L2 , no l a rge r  L than

t h o s e  of o rder  one need be considered for  this  type of disturbance source.

Veloci ty  t r a n s f o r m s  for  other line d is turbance  sources  cart be found.

F o r  e x a m p l e , if the  l ine  source  is a s y m m e t r i c  cy l inder  tha t  oscillates in

16 
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the  s t r earnwi se  di rect ion , it may  develop a per iodic  d rag  force  by shedding

a vo r t ex  doub let sheet .  Veloci t y t r a n s f o r m s  for  such a source  also indi-

cate e x p o n e n t i a l  b e h a v i o r .  h oweve r , if the  l ine source  does not shed any

~- o r t i c i t v .  but exc i t e s  on ly  i r r o t a t i o n a l  d i s t u r b a n c e s , t hen these  d i s tu rbances

die  out so f a s t  d o wn s t r e a m  t h a t  t h e y  a r e  of no i n t e r e st. For  e x a m ple , the

• s t re a m  ~u n ct i un  f o r  a s t a t i o n a r y  so ur ~ c — s i n k o s c i l l a t o r  can be foun d , d i f —

! r e r t t i a t e d  • and  t r a n s fo r n m d .  The  V — t  r a n  s f o r m s  vt  the ’  v e l o c i t y componen t s

art ’ p r op o r t i on a l  to exp [-  )x  - x
0

) x L RI .  T h i s  b r a c k e t e d  exp onent  is  a

f a c t o r of R m or e  i i t g a t i ~ c t h a n  t ha t  in ( 1 0 ) . w h e re  the d i s t u r b a nc e  is a c o mb i —

r m a t i ~ u 11 r ‘t a)  1 onal and convc  e t e d  p o t en t i l f low .

• In t he  a b s e n c e  ot a p late , t i e  d i s t u r b a n c e  v e l o c i ty  c o m p o n e n t s  ar e

r e c o v e  red by t a k i n g  t h e  i n ver s e  t r a n s f o r n i

1 1 
X - X

o \ 1~~~
l
~~~/ d V j  1 c “~~ ç1~ ( y ) ~ 

dI 11)ecP~~ a 
k~ 

- U ‘0 x  
e

in t he  p r e s e n c e -  of an a l i gned  s e m i — i n f i n i t e  f l a t  p late , the d i s t u r b a n c e

v e l o c i t i e s  I r e  m o r e  c o mp l i c a t e d .  A d d i t i o n a l  te rrn s a r t -  needed , whose f o r m

in t h e ’  f r e e s t re a n i  can be found f r o m  the  Oseert  f o r m  of the  v o r t i c i t v t r a n s -

p o r t  equa t ion .  T h u s,  outs ide  the  p la te  bounda ry  l a y e r  the veloci t ie s a r e

gt~~en 0

17
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x - x
0\]~ a~~/~Y~ 

= ~~ 1~ (ei
~ Y + c~ e~~

1
~ + 

:~ e
_ / U

~~~~ U /J~a~ /dx 2 ff 
~~ ~ r w

x i  dl (12)

w h e r e  a four th  t e r m , ~ exp( w y / U ) ,  has been disallowed on physical  g rounds .

The  t e r m s  c o n t a i n i n g  C ’ and C ’ a r e  fo r  r e f l e c t e d  and companion wave s ,r w

re spec t ivel y ,  which  a r e  g e n e r a t e d  by the p r e s e n c e  of the no- s l ip plate. For

t h e  d e s c r i ption of the  ins ide of the  p late b o u n d a r y  l a y e r , the t e r m s  in paren-

t h e s e s  a r e  re ’ p laced b y f u n c t i o n s  of b o u n d a r y - l a y e r  v a r i a b l e s  (Section 3) .

Use of ( 1 2 )  f o r  the total  ex t e rna l  d i s tu rbances  has severa l  imp l icat ions .

S i n c e  i n t e g r a l s  over  x
0 

in t he  r ange  0 ‘- x
0 ~ x a re  avoided , it is a s sumed

t h a t  d i s t u r b a n c e s  n e a r  x w i l l  not inc lude  r e s idua l  d i s t u r b a n c e s  c rea ted  as

ei gen m o d e s  in the b o u n d a r y  l a y e r  n e a r  x0 u p s t r e a m .  Equation ( 1 2 )  p rov ides

the  f o r c e d  r e sponse , but not the  e igenmodes .  A d e s c r i ption of e igenmode

g e n e r a t i o n  a long the  plate r e q u i r e s  a subsequent  stud y.

In s e r t i o n  of t he  p late on the point d i s t u rbance  source wake disp laces

the  amb ien t  f low and modi f ies  the s ta t ion at w h i c h  the wake  cen te r l ine

e n t e r s  the plate boundary  laye r .  T his co r r ec t ion  for  nonpara l le l  flow is

needed  in t he f r eest r eam , where  x - x0 is of o r d e r  x , hut is no t needed

in s ide  the bo u n d a r y  la y e r , where  the  flow is pa ra l l e l .  Outside the boundary

l a y e r , the ambient  veloci ty components are  assumed to be (U , 0),  when , in

fac t , they a r e t U ,  U 5 / 2 R ) ,  wh e re  ~ is a con”(ant h~ 1. 72 08) a s soc i a t ed  with the

18
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I d a s iu s  f u n c t i o n .  The r e for e , a sou rce  ac tual l y located at x0 and y0 is moved

t m  t he  ap p a r e n t  l o c a t i o n  x0 and y
0 

-r $ x/ R , f r o m  w h e n c e  the above equa t ions

can  be app l i e d .  Only when the  source’  w a k e  is too d i s t a nt  to  have met the

b o u n d a r y  la i~~r at x does t h i s  s i mp le s h i f t  f a i l .

19
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3 . B o u n d a r y - l a y e r  d i s t u r b a n ce s  f o r  any  e x t e r n a l  s o u r ce

The d i s t u r b a n c e  s t r eam func t ion  caused b y t h e  con t ac t  u t  t \\ av e  u t

g i v e n  w a v e n u m b e r  with a b o u n d a r y - l a y e r  ed ge is a s sumed  to h a v e  t h e  f o r m

L = e ikX - i~~t 0 ) 1  ( 1 3)

in the b o u n d a r y  l a y e r .  Onl y one va lue  of s t r e at - t i w ise’ ~v a v e n u i i i b er  k cs use-

f u l  f o r  g iven 1 and w . Tha t  va lue  is k~~ ~ / U , if x - x
0 

-
~ 0. S u b s t i t u t i m m i m

in to  the  Oseen f o r m  of the  v o r t i c i t y  t r a n s p o r t  eq u a t io n  i n d i c a t e s  t ha t  t h i s

is one of two poss ib l e  v alu e s .  The o t h e r  p e r t a in s w h e n  x - x~ ‘ 0 ( d o wn -

st r e a m  sou rce  wi th  upst ream in t l u e n c e  , a p r o l ) l e i i i  m i o t  a d d r e s s e d  he r e ) .

A n o r i i i a l i z e d  st r e a t n w i s e  w a v en u t i i be  r c o i n p o n e n t  N is de’ f i ne d :

F k x  - -1
—1-~—~~~~k —  ~~t R ( I ~~ ‘ N )  ( 1-fl

it is we l l  knowa t h a t  •t l e a d i ng  i pp i’m x i t m i a t  ion  ( o r  of • ) t h a t  is no i fo rn ~ v

val id  for  v a l u e s of up to  v r d - r  one ’ can  be ’ oI ) t d i l i ( ’( l  f o r  t h i s  pa r a m e ’t er

d o m a i n  b y s o l v i n g  th t -  Or r — S n i u i  e r f t ’l c l  eq mi a t j i m f l~

( i  - 

~
) (

~~‘~ 
- i~~~~) - ~ T ~ ( i N R I  ~ (o. - - ~ ICo. - ‘ N ‘ci)  (1

w h e r e  f is the  B la s i u s  f u n c t i o n , dc - f in e d  as i n ” a n —  st ream f u n c t i o n  ove r

(~~t J x ) ~~~
2 

— — - —

~~~~~~~~~

- 

t 
- 
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In fact , so lutions of the O r r - S o m m e r f e ld  equation are  valid desc r i pt ion s

f o r  any ~1 less than o rde r  lnc2R. For tunate ly,  the la r gest 1~ that must be con -

side red that  is not in the f r e e s t r eam is onl y of order  ( 1nQR) 112 . Boundary

condi t ions  a r e  ç ( Ü )  = ~~~(0 )  = 0 , and as — 
~~ , ~ -~ exp (i L~ ) plus addit ional

w a v e s  of bounded v a r i a t i o n .

• [h e  main advan t ag e  of the p resen t  asym ptotic t h e o r y  for  l a rge  R is

t h a t  not all  t e rm s  in (15 )  a r e  needed e v e r yw h e r e .  Thus , the following flow

l ay e r s  a r e  d e s c r ib e d  s e p a r a t e l y: a wal l  l a y e r , w h e r e  ~ is of o r d e r  (QR )~~~~
2 ;

t h e  m a i n  b o u n dar y  l a y e r  w h e r e  T1 is of o r d e r  one; an ed ge laye r , where  T~
1/ ’

is of o r d e r  (In ~~R )  and t h e  f re e s t re ar n .  Onl y the l ead ing  approximat ion in

eac h s u b r e g ion is of i n t e r e s t .  ( The p e r t u r b a t i o n  t e rm of o rde r  R 1 in ( 14) is

n e e d e d  o n ly  in t h e  edge’ [a v e r ,  w h e r e  it p rov ides  a f i r s t - o r d e r  es t imate  of the

co n t e n t s  of the  f i r s t  p a r e n t h e s e s  in ( 15 ) .  E l s e w h e r e,  N

3. 1 W a l l  l ay e r :  Ti 0 ( E R )  1/ 2

A s  in t he  t s v i i i  u t o t i c  s t a b il i t y t h e o r y ,  th e’ re is a thin  l ayer  adj oining the

s u r f a c e  in w h i c h  the  hi g hest  de r i va t i ve  is needed in order  to satisf y homoge-

neous  c ondi t ions  at th e ’ s u r f a c e .  To leading o rder  in R 
1, ( 15) reduces to

-ç~~ . = ( i ~~R ) 1 
°r~ m~ 

(16)

is of  o r d er  (12R 1  ~~ “. The  solu t ion  tha t  s a t i sf i e s  ~ (0)  ~~~(0 )  0

and that  does not g row e x p o n en t i a l l y as  ~i approaches  o r d e r  one is

- - ~~~ ~ (1  - i~ 
~ 

(
~~~~

)

1~~~ 
exP [(~~I + i)  T (

~~~~
)

t / 2
]
~ ( 17 )

22



T h e  sca le  f a c to r  C wil l  be de t e rmined  by match ing  with the b o u n d a r y - l a ye r

f u n c t i o n .  F rom this sublaye r pr of i le , the t r a n s f o r m e d  sur face  shear  is

g iven by

iC~ 2R 3
0 (0 )  — ( 18)

y y

T h e  m ax i mu m  d i s t u r b a n c e  ve ’ loc i ty  componen t  in t h i s  l a y e r  occu r s  in the

s t r e a m w i s e  d i re c t io n  when  ~ U2 R ) 1 / 2  
= 3. 23 . That  value  is

1 . 069 C ( 1 2 R )
1
~~~ ‘~~~ (1 9 )

y , n i i X  X

T h e  w a l l  l a y e r  p r o f i l e  of n o r ma l i z e d  o is show n in f i g u r e  ~ . This  m i n o r

m ax i l nu n i  is shown in f i g u r e s  ~ and b of ( R o g l e r  and R e s h o t k o  1975)  a lso .

3. ~ The rn - u n  b o u n d a r y  l a y e r :  ~ = 0 ( 1)

\Vhen bo th and f~~. ar e  of o r d e r  one , the  r i ght m e m b e r  of (15 )  can be

o m i t t e d , and the  g o v e rn i n g  e q ua t i o n  is known as the  R a y lei g h equat ion  (wi th

ph a s e  speed equal  to  a m bi e n t  speed) :

( f ~ - 1) (ci~ ~ - £2
2

0) - f . ,  ~o 0 (2 0 )

In o r d e r  to match the sublayer  prof i le , it is requi red  that ,  when 1~ is of

o r d e r  one and T m ~~ 0 ,

£2R 112

~ ~~ 0 C ( 1 - i) (
~

) ( 2 1 )

23 
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Figure  2 . St r eamwise  Di s tu rbance  Prof i l e  in Wall La ye r
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The  scale f ac to r  C r e m a i n s  to be found b y i t i a t c h i n g  the  c a l c u l a t e d  b o un d a ry -

laye r profi le  with tha t  in an ed ge l a y e r  to be desc r ibed .

N u m e r i c a l  i n t e g r a t i o n  of the  R a y lei g h equa t ion  i n d i c a t e s  that  the

ve loc i t y  c o mp o n e n t s  both inc r e as e  m o n o t o n i c al l y in the  m a i n  b o u n d a ry  l a y e r

w i t h  the  s t r e a mw i s e  c o mp o n e n t  a lw a y s  l a r g e r  t h a n  the  n o r m a l  componen t .

L i m i t i n g  p r o f i l e s  of ci , ( p r o p o r t i o n al  to s t r e a ni wi s e  v e l o c it y  c o m p o n e n t)  a r e

(1 — 
~ 

) — f - 1 J (1 — f~ ) dT S~2 < ‘z 1 ( Z Z a )
0

“ I

o~ 
( 0 )

cosh  12 , 12 >~~1 ( 2 2 b )

1 h e s e  and  i n te r i n e d i a te  p r o f i l e s  a r e  sh owa  in fi g u r e  ~~. A second

a p p r o x i m a t i o n  in th e l o w — f r e q u e n c y  l imi t , f o r  wh ich  ( Z Z a )  is the  f i r s t

a p p r o x i m a t i o n  w i l l  be used in f i g u r e  4 and is d e v e l o p e d  in A ppend ix  A.

At the  outer  ed ge of the  b o u n d a r y  l ay e r , t h e  l3 las ius  mean  v e l o c i t y  and

s h e a r  p r o f i l e s  have  an e xp o n e n t i a l  a s y mp t o t i c  f o r m  g iven b y

1 - t~ ~~ e~~~ [i - —
~
--

~ 
~~ ( 2 1 1 Z ) 2 - 

(Z I1 Z ) 3 
~~ 

.] ( 2 3 )

- 

~~ ~ 
i le~~~ 4 TST ( 2 4 )
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5 - ___Eft(20)
EQ,(22a ,22b~ 

~

Fi g u r e  i , S t r e a m w ise  D i s t u rb an c e P r o f i l e -  in B ounda ry  L ay e r
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w h e r e  U ( :  - 3 ) / 2  and TST r e f e r s  to t r a n s c e n d e n t a l ly sma l l  t e r m s .  is

a B la s i u s  c o n s t a n t  ~~O. 2 3 3 7 3 .  When  t he se  c o e f f i c i e n t  f u n c t i o n s  a re  used in

( 2 0 ) , o a p p r o a c h e s  a p a r a b o l i c  cy l i n d e r  f u n c t i o n  as ~~. Spec i f i ca l ly ,

I — i H 2 p 1 
________ 

P 3
o D H e [i 

- 

( 2 l l ~~~ 
+ 

(2 11 2 ) 3 (~~5)

i- c

4 P 1 2 - ( - 1)

8 
~2 ( 4 

- ~~ - 10

• ) 
~~ 

(~~ - -t -~~~-~~~ P - 10 p 1 
- 7-I

a n d  w he re I) is bit  roduc e ’d  i s  a s ca l e  pa r a n i t t e -  r f o r  t he  out c r ed ge of the

b o u n m - i a i-v l a v e -  r .  It i i i i~~t he r e l a t ed  to  C , i ts  i n n e r  ed ge c o u n te r p a r t , so tha t

d i s t u rb a n  e s  in t h e  w a l l  l u  v t  r . an  he sca led .  D wil l  be foun d b y m a t ch i n g

2 5 )  ~vj t h  i t s  c o r r e s p o n d i ng  e x ~ ) i n s i o t i  o b t a i n e d  f r o m  the  ed ge l ay e r .  The

r a t i o  C / I ) , o b t a i n e d  b~ n u r t i e r i c  al  z n t t - c r a t i o n  of ( 2 0 ) ,  is p lot ted in fi g u re  4.

B e c a u s e  ( 2 0 )  ha s  r e t l  c u t - f t i  i en t s ,  ( I D  is r e a l .  Also  shown a r e  the low-

and  hi g h — f r e q u e n c y  t a r o t  s o b t a i n e d  in •-\ppen d ix  A.

3 . 3  N d g e  l ay e r :  ~ O [ l n b~ R ) 1~~~
2

E q u a t io n  (2 0 )  is i n a d e q u a t e -  when  b e c o m e s  loga r i t h i - t i i c a l ly la rge ;

s Pc c i f i ca l  lv , w h en  11 I I  , \ v h t -  r e



— ~~ - r’ C ~~~~-u -———— — — —-- — - — -

I I~ c 
~ i 

~~~ ‘~~ I ( h ’)

T h e - re ’ , t h e ’ t e r m s  in t l t t ’  k a v i c i g it e ’ q u a t i m m l l  i i , e~ - h e - c  u n I t - u s  s m a l l  .u s t h e

l a r g e - s t  v i s c o u s  t e ’ r l t 1  hi t h e  O r r - S m , i m i n e r t e l d  e ’ q u u t i o t i .  I I  and  • 21 1
C 

~
- C’

a r e  p lot t ed  i i i  f i g m i  re

1 lie ’ s u h r t c i t m n  cc i e - r e ’  H ’ is in the’  ne’ i g b h o r h i o m a l  m t  I I  is c e l l e d  an  ed ge’

l a y e r .  It ~~u i i  h e  c m n s i d t r e ’d to  mc s i i n1k ii c r i t i c , e l  l ,t~~e - r  t r o m  u s ~~i m i ptot i

s t , t h i l i t \ t h e - r y  i i i  t h e ’  l i m I t  ~c h e r e ’  t i l e ’ j t l i u s e  sp eed  l i , u s  t i l e  r e a s e - e l  t u  equ a l

t b 1  • m m h i e - m t t  ~ in - e d .  P i e  ( h i i i i e I \ s i o i t 1 e ’ sS e ’ e l g m - — l , i v e r  t h i c k n e ss h e r e -  ~S i i i  R b

l a r g e r t h a n  t i n -  t h t i c  m t - s s .  
~~
, Ifl~~~’ , Ut al l  j i i i ( m e d d e d  t ’ i t i c a l  l i v e r h e-~~ u use ’

of t h e ’ e \~~I m i e ~~l t i t l  t a i l  of t h e -  I U u s v i s  f l m m \ v  p r u t i l e - . W~ tb  t h e - m t - c - s e - i t t  t h t e ’ o r v ,

11w e - r l L l - — 1, i ~~m r  t i - H I t - u i - s  ~o l \ e d  f o r ( h i m  1 t i ~~t t i m e ’ . •-\ p r e v i m m i s  m t t m m p t

\~~~i S  l l i ~e c I e  by ( ; u- e- b e - l  ( I l - f , ~ch u , m v  t r une  a t i n g  t h e  t i i ~~~- i i i  l l o \ \  p r i t t l e  , i t

v , c o n c lu d e d  , - r - r m m r i t - m m t i s l ~ t h a t  t h e  t h i c h - t e - s s  of t h e ’ e d ge c r i t i c ~i l  l i v e r

- I / I
\c- as  m m t o r de r  ( ifl

\ V h t n I I  i s  m m t  o r d e r 1 - m g )  ~~ ) , Ci ’ - ( ) r r _ ~~m m n i i u t e r f c I d  e q u i P m m n  can  be

r ed uc C(l t o

F - H I \ ~ h 1~ 2 21 Oj i i i
1 i  

0
1 1 1 1 1 1 1 

I 
[i\ ~ 

R — ‘ .j e’ N — • j —

~~~~

—

- 

E\ 1~~
1 (~ - .  . ‘) 

- h 1 ~ ~~~L’
~ ~ ( 2 7 )

‘ m l

I
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Fi gure -  5. Ed ge L a y e r  C e n t e r  Locat ion

• 30

L _~~~~~~~7~: ~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~
-_-- -

~~~~~ 

-

~~~~~~~~~~



-- 
- -

~ 
---

~
-‘_ - - —‘-- - ~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ -

The  least t r i v i a l  p rob lem r e su l t s  when  the  ed g e - l a y e r  v a r i a b l e  is chosen

to be h , w h e r e

~ 2I1 ’ = 1-1 f h ( 2 8 )e

and h is of o r d e r  one. Then , iii the  ed ge l a y e r , 0 is r e p r e s e n t e d  as an

expans ion  of the  f o r m

ci — o
0

(h ) I 1~~~ ci 1
( h )  If 4 ci 2 ( h )  4 . . . ( 2 9 )

w h e r e  00 and c’m~ mus t  sa t i s f y

Qo , h h h h  ie 1 

~~~~ hh 
- 0 (30)

- -h  2 2
hhh h IL (0~ 

~~~~~ 

- - 2it~~~ h h h h  
- 

~~~ hhh 
- - - -  °o , hh

- ( i / 2 ) e hl 
[(h - I)  

~ 
00, h 

- (2~. 2

( 3 1 )

Equat ion ( 2 9 )  is in i n v e r s e  power s  of H~~, but  the  t r u e  e r r o r  is e ven

l a rg e r , of o r d e r  11~~ s ince  t h e  Or r - S or n m er f e l d  equa t ion  has  a l r ead y omit ted

n o n p a r a l l e l  f low t e r m  c on t a i n i n g  the  t h i r d  d e r i v a t i v e ’ . The  m i s s i n g  t e r m

is the  \~~~ t e r n i  f r o m  the  v o r t i c i t y  t r a n sp o rt e q uat i o n .  Th i s  om h s s i o n

m e a n s  tha t  the p a r a l l e l - f l o w  a s s u m pt i o n  in t h i s  app l i c a t i o n  c a r r i e s  an e r r o r

of o r d e r  ~~~~~~~~~~~~~~~ A n u m e r i c a l  e s t i m a t e  of the s i ze  of t h i s  e r r o r  can 

~~~—,•
-

~~~~~~~~~~~~~~~~~

-
-

~~~~~ 
- •
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be ’ o b t a i n e d  by subs t i t u t i on .  T h u s ,  when ~ is one and the  x — R e y n o l d s  n u m b e r

is t h e  m i nim u m  c r i t i c a l  va lue  f ro m  s tab i l i ty  t h e o r y  (60 , 000), [ log ( ~~R ) ] 1/2

is 0. 43. I ) i s t u rb a n c e  p r o f i le  shape s in o t h e r  l ay t - r s  do not c a r r y  such  a

l a r g e ’  e r r o r , but d i s t u r b a n c e  a m p li tude l eve l s  do.

The B t a s i us  f u n c t i o n  
~~~~ 

f o r  u i i e a n  v e l o c i t y  cu r v a t u r e  is not  a va l id

e s t i m a t e  if is too l a r ge .  T u e  mean  c u rv a t u r e  is needed as a c o e f f i c i e n t  in

the  Or  r — S o n u m e  rf e ’ Id e q u a t i o n .  Golds te in  (19  ~‘u , I 9b 0 )  and Imai  ( 1 9 5 7 )  have

s h o wa  t h e  e r r o r  in B l a s i u s  f u n c t i o n s  to be ’ of orde-  r H log R~ when  is of

o r d e r  one .  It s e e m s  r e a so n a b l e  t h a t  t h e  r e l a t i v e ’  e r r o r  in f T  , w h e r e  f~~,

d e c ay s  as exp ( _ } J 2 ) , t i h e y  r each  o r der  one when ~i 2 is a p p r o x i m a t e l y

log ( R~~) . In the  ed ge’ 1-uve  r , how& ’v e r , I 1~ is o n ly  or d e r  l m ) g (  - LU ; t h e  r e - f o r e ,

t h e  r e l a t iv e  c r r I m  r in f 1 .  , t h e r e  s h o u l d  be~ no  m m )  r e  t h an  o r d e r  r o u g h l y  1 / R .

F o u r  s o l u t i o n s  f o r  the  f o u r t h — o r d e r  e q u a t i o n  ( 3 0 )  wi th  v a r i a b l e ’  c o e f f i —

( 1 _ f ( ‘ )  ( ~) ( ) )
c i en ts  a r e  deve loped  in A p p e n d ix  B. T h e se  a r e  0

0 , cu
0
’ 

, ci0 , an d 00.

1 he f i r s t  t h  re -c - are ’ found  by r e c o g n i z i n g  e x p a n s i o n s  about  ii ~ . The

f o u r t h  is d e r i v e d  f r o m  an e’ x p an s i o n  ab ou t  h - ‘ . A s  li -~~~ ( b o u n d a r y -

l a y e r  s i d e) , t he  f o u r  ed g e - l ay e -  r s o l u t i o n s  b e c o m e

( 1 )  - -h
— ~ ie ( 3 2 )

~ ( 2 )  ic
_ h  j

~ 
[2  ( i e~~~) 1 / 2~ ( 3 3 )

(-  ~ i f 2 4~~) 42) 1 ( -6 .  46404 i b . 768Th)  4
~~ (3 4)

~~~~
— -— —

~~~~~~~~~~
- - - - •

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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( 2 )  Ii00 — e  ( 35)

w h e r e  y is Eule r tm s c o n s t a n t  (~~O. ~ 77) . In t h i s  l i u t t ~ t , ~~~~~2 )  
and 4~ 

grow too

r a p i d l y to he s e p a r a t e ly  u s e f u l  in the  bounda ry l ay e r . T h e s e  two s o l u t i o ns

a s y mp t o t i c a l l y s a t i s t v  the - d i f f e r e n t i a l  e qua t ion

00 , h h h h  IL 
~0 hh  0 ( 3 t m )

i n s t e a d  of t h e  s e c o n d - o r d e r  e q u a t i o n

- 00 ~~0 ( 3 7 )

w h i c h  is c o mp a t i b l e  w i t h  t h e  bounda  r y —  l u y e  r e xp a n s i o n s .  For  t h i s  r e a s o n ,

and f o r  c o n t p a t t h t l t t \ -  w i t h  t he  b o u n d a r y  — i _ l y e ’  r s c a l i n g  p~u r a u i i e t e  r D , the

f o u r  s o l u t i o n s  a r e  c o r i tb i n e d  (we i g h t e d )  as fo l lows :

1;  f (~~i - 2 - -l \ )  42) + ( t m . 4 64 0 4  - i6 .  76836) 41)]

D ~~~ 
~~~~ 

~~~~~~~~~~ 
(2)

Q ( 3 8 )

C o e f f i c i e n t s  D and E r e ma i n  to be found by n-m a t c h i n g  w i th  f r e e st  ream

expans io ns .

As h — ( f r e es t r e a m  s i d e) ,  t he  f o u r  ed g e - l a y e r  solut ion s become

33
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41) i + TST (39)

(2 )  h + TST (40)

43) - h 2 + TST (41)

( 2 )  3
00 

( i / 3 )  h + e 2 h~ ~- e 1
h e

0 ~
- TST ( 4 2 )

w h e r e  e 0
, e 1, and  e , a r e  cons tan t s that  a r e  g iven  in A ppendix B. Then , the

l e a d i n g — o r d e r  so lu t ion  can  be w r i t t e n

I 3h 3 f 2h
2 

~i h f 0 ~ rsT ( 4 3 )

w h e r e

I 3 
= D ~~~~~~ 

(
~~~2 R I ! ” - 

3) ( 4 4 )

f 2 
= E D ‘~~~‘ 

~~~~~~~~ 

R I !  
- ~ e 2 

(4 5)

f 1 
E (~~i - 2 - 4 \ )  ~ D 

1 -  ~ ~~~ RH~~ 
- ~ e 1 

(4 6)

f
0 

- 
~; (6 . 46404 - i t , .  76836) + D 1~~~ i 

~ 1
Q RH~ 

- ~ e0 
(47)

34
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Solut ions  of hi ghe r  o r d e r  were  not soug ht: n e v e r t h e l e s s , f r o m  (31)  and a

c o r r e s p on d i n g  equation fo r  the  a sympto t ic  b e h a v i o r  as h — can be

es tab l i shed  to be

o~~~ - bf 3 
(U

2 
- ~ 2 ) 

~~~ 
- [1813 

+ 2f 1 ( L 2 ~ 2
)] ~~~ + cubic  ( 4 8 )

( L 4 
- ~1

2
L

2 
~ :~~) 

(~~3 ~~~ 
+ 21

2 
+ 42f

3 
( L 2 

- + quin t i c

( 4 9 )

3. 4 F r e e s t re a m : ~~ 
- 

~ 
= 0 ( 1)

• - E quatio n ( 2 7 )  conta in s the fe w t e r m s  needed in the ambient flow whe re

the d i f f e  r en t ia l equa t ion  has  con st an t  c o e f f i c i e n t s :

~ ( L
2 

- ~ 2 ) ~~~ - ~
2 L 2

o 0 ( 5 0 )

The  so lu t ion  d e si r e d  is

i l~T iL (  - 4 L( ’ t - ~~ ( T ) - ~I

o — e  e e e + C e  e 
~~C e e 1  (5 1)

r w 
J

The  p a r a m e t e r s  C and C a r e  m o r e  co n v e n i e n t  than  C and C 
• 

used in
r w r w

( 1 2 ) .  The c o e ff i c i e n t  of the  f i r s t  modal  f u n c t i o n  [exp  ( i L 1~)] has  been nor-

• m al i z e d  as indicated  a f t e r  ( 15 ) .  A f o u r t h  modal func t ion  [ exp(~~T ) ~ has

been  o m i t t e d  in o r d e r  to sa t i s f y the othe r of two b o u n d a r y  condi t ions  at ~ ;

n a m e l y,  tha t  ~~ not grow wi th  11 in the  f r e e s t r ea ni . The second and t h i rd

35
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t i - m o de ’s r e t a i n e d  can  be i n t e r p r e t e d  as a r e f l e c t e d  wave  of r e l a t i v e ’  a m p litude

r to  l)e de te  r n C m i e -d and  a p o t en t i a l - f l o w  r e s p o n s e , w h i c h  is a s t r e a m w i s e

w a ’~ e ’ e n t i r e l y .  1 u c k  of d e c  i t V  as in t he  a m p l i t u d e  ot t he  r e f l e c t e d  w a v e

is a c ce p t ab l e  bee ause  the  e x p o n e n t  de pe’nd s on w a v e n u u i i b e  r , w h i c h  is the

in t e g r a t i m n  v u r i a b l e ’  b r  t h e  i n v e r s e -  F o u r i e r t r u n s i m l r m .

In o r d e r  t h a t  t h ~ e d ge ’ — l a v e r CX 1 )citISI O tl g iv e n  by  ( 2 ) ) , ( - 4 3 ) ,  ( 4 8 ) ,  and ( 4 m ) ,

ru - i t c h  f ~‘1 ) . t h e  e’dge ’ — l u v e ’ r e xp a n s i o n  is w r i t t en  in the ’  t r e e s t re u t o  v a r i a b l e

— b y  lu c i u S  ot

‘S Ii I I
~~~

(
~~~

_
, ) 

(~~~ ) (  — (

~~~})O 1 S U b m ~ — t  I t u t l m m n , t h e  - m l g m — l m v , - I’ e ’ x t m t r I S I ) r l h i e ’ c m m m e s

- ~- ~ 2 .  - 1 2 2
— , ) . —~- I 1 ( — 

_ i

- ~~~~
— [I I~ (~~ )~ 

, - 
~~~~~~t m  

•

- [1sf . •- 2f 2 (L 2 
- 

2
)]~~~ [h1

4 )~ - ~~~ 4

~~~~~~~ t)f )L  -~~~~L )~~~ [ l I u -  ) 7 
. ~~~~}1

tm
)~~~~_~~~ )~ - .

I 
v , C U -4 C U

4 2 ’  4 1  64- 21 (L  — ~T L~ ~- T ) — I 1  — ) t .
2 b C’

~ ‘ i i m  t m

~ 421 (L ’ — 
~~
‘

) — - I I  (~ — ) , . . . ‘ 4 .
3 1) . e e’

( 5 3)

~ h
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3 2Oal y t w o  o r d e r s  
~ e and 11 ,, h a v e  been  r e t a i n e d  I > e -  c au s e ’  onl y t he  l e a d i n g  —

o r d e r  so lu t ion  in A p p en d ix  }~ w a s  d e v e l o p e d , and hi g h e r — o r d e r  so lu t ions

a p p e a r  at t he  nex t  o r d e r . Eq u a t i on  ( S 3 )  m u s t  m at c h  the  e x p a n s i o n  of ( 5 1 )

fo r  s m a l l  11 — , w h i c h  is
C

ci 

i L I
CE  

~~~~~~~~~~~~~ 

~~ 
- (~~ i L )

k 

~
T r ~~~ c ]  ( 5 4 )

0

Si n c e ’  (~~3)  due’ s n o t  c o i i t a  i i i  te r u n s  c o n t a i n i ng  ( T 1 — 

~e 
) 0 

o r  ( — , such

te  m i s  in ( ~‘4) m u s t  ~- u n  i s h  by  u ~~r °p ’  r c ho i c e  of C and ( , t hus
r w

~ i L  - 
________C- - - ——---- , ( 

- (~) 5 )r e — i N  ~v -- — i i .

In a d d i t i on

iN
1. = i l l  ‘ U ) , ~ ‘ i I~) ~ - ‘- 

( ~~~)

m i d

f~ = - 
R)  11~~ ~~L (~ ~ i N )  e’~~~~~ ( 57)

we ’r e  c h o s en  to m a t c h  powers  of (~~ t — )
2 and ( 1~ - H )

3
, Ui g he r po~ e rs

( f o u r  t h r o u g h sev e n)  a l so  m it c h  to l ead ing  o r de r . TI -m e a s y m p t o t i c

va n a t ion  of t he  hi g h e r - o r d e-  r f u n c t i o n s  and w a s  u n n e c e s s a r i ly

37 
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d i sp layed in ( 5 3 )  as a c o n f i r m at i o n  of the adequacy of the matching

p r o c e d u r e .  Subst i tut ion of (56)  and ( 5 7 )  into (44 )  and ( 4 5 )  ind ica tes  that

2 i L j
E — f

2 
—‘ iH L (

~~~ 
t i L _ f  e e (58 )

- - - i L~1 - t  L (  ~~i L) e
D — - 

~~~~~~~ 
2 e- ( 5 9 )

and t h a t  none of the  c o ns t a n t s  e ) , e 1, or e0 is needed.

Wh e n  c o e f f i c i e n t s  E and D a r e  r e p laced in ( 3 8 ) ,  in the ed ge l a y e r  p r o p e r ,

w h e r e  o~~ a r e  a l l  of c o mp a r a b l e  m a g n i t u d e , the  t e r m  wi th  F is t h e o r e t i c a l ly

l a r g e r  t h a n  t h at  w i t h  I ) , b y a f a c t o r  of t h e  ‘ l a r g e  p a r a met e r  II
~~ 

T h u s ,  E

scale s the  ed g e - l a y e r  d i s t u r b a n c e s , and  ( C / D ) l )  s c a l e s  d i s t u r b a n c e s  in the

b o u n d a ry  l av e  r and s ub l a v e r .  The  l e a d i n g — o r d e r  ed g e - l a y e r  solut ion , f r o m

(38 )  a m i d  -\ p p en d i x  I tm m is , t h e r e f o r e , t h e ’ c l o s e d - f o r m  e xp r e s s i o n

(b . 4b4 04  - i tm . 7~~8 3i ~) ( 1 . i e )  •- 1 (2e ~~~~
2 ) ( 60)

wh e  re ’ t ) x )  is g i \  en b y (B — 3 7 ) .  T h e  m a g n i t u d e  arid phase  of o
~~f F , wh ich  is

p r o p o r t i o n a l  to the  t r a n s v e r s e -  v e l o c i t y  c o mp o n e - n t ,  and °~ h / E s wh ich  is

p r o p o r t i o n m i l  to  th e-  st r e a n uw i s e  d i s t u r b a n c e  v e l o c i ty  comp onen t , a r e  p lot ted

in fu ~~u r r - s  6a and  6h , r e - s p e ’ c t i v m - I y .  The m a x i n u m u n u  d i s t u r b a n c e  v e l o c i t i e s

o c c u r  in th e ’  ( r e - c - s t  r e am , not in t he  ed ge l a y e r .  F u r t h e r , the  v e rt i c a l  corn —

n o n e - nt  of d i s t u r h m in c e  v e l o c i t y ,  w h i c h  was  f l u m e  r i c al l y neg li g i b l e  compared
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to  t h e  h u o r i i o n t a l  c o m p o n en t  in the  wal l  l a y e r  and m a i n  b o u n d a r y  l a y e r ,

f i n a l l y  h e c c m m u i c  s c o u u u p a  r ab l e  wi th  the  h o r i z o n t a l  co m p o n e n t  a n d  may  exceed

t h e ’ l a t t e r  in si~~e iii t h e  o u t e r  p o r t i o n  of t he  ed ge l a y e r , d e p e n d i n g  on t h e i r

r e l a t i v e  s c a l e- s .

F i gu r e -  7 is a c ou i u p o s i t i ’  p lot of t he  s t r e a r u u w i s e  p e r t u r b a t i on  v e l o c i t y

p r o f i l e - in the-  th r e - c  l ay e r s  in to  w h i ch  th e-  s t ea d y b o u n d a r y  l ay e r  is d iv ided  b y

t h i s  a s y m pt o t i c  t h e o r y .  0 T~ 
( w h i c h  d e p e n d s  on V but no t  I i s  mu l ti p lied b y

a t r a n  s f o r n u  ‘i’~ ( w h i c h  d e p e n d s  upon ~ but not  v )  and t h e n  i nt e g  r a t e d  o v e r

to  o b t a i n  a d i u m ~ e u u s i o n a l  v e l o c i ty .  I he in t e g r a l  of \~ ( Y )  dl s e r v e s  m e r e l y as

a s ca l e  f a c t o r , one t h a t  d e p e n d s  on t h e -  n a t u r e  of t h e - e -xt e  m a !  d i s t u r b a n c e .

1 he  s p e c i f i c  r e - 1 m t i o n s } u i p b e t w e e n  t h e  t h r e e  s ub l ~u~ e r  p r o f i l e s  d e p e n d s  onl y

on , R , x 0, and  v 0
. I -  xpe  r i n u e n t a l l y o b t a i n e d  p r m m f u l e - s  w i t h  a v i b r a t i n g

r i b b o n  ( K a c han o v  , K o ,I ov  , and  I , e - v c h e - n  ko 1 9 7 r m )  and  u i u u u l e  r i c a l  r e s u l t s  ~ ith

a c o nv e c t e c i  l a t t i c e  ( R o g l e  r and R e ’sb u o t k o  1~ 7 5 )  ( l i g u r e s  ~ and  u )  both  e x h i b i t

t h e  f e a t u r e s  of t h i s  c ( m l i I p o s t t e  p r o f i l e . i . e .  , a s l i g ht ov e r s ho ot  in a t h i n  s u b —

l ay e r  and y e  r y  r a p id g r m m v t hu w i t h  i n c  r e - a s i n g  d i s t a m i  e f r o m  the  s u r f a c e .
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- I .  R e s u l t s

l ) i s t u r b t m i c e - s in t h e  p r e s e n c e  of a s e m i — i n f i n i t e  f l a t  p la te , ge - l i e  r a t ed

as d & s c  r i c e - m i  in Se c t i o n  2 by  an e x t e r n a l  o s c i l l a t i n g  s o u r c e  of v o r t i c i t v  (and

l i m m ~~te ’d t m  t h e  t or c e d  r e s p o n s e  as opposed to e’i g e n nu o d e s ) ,  i r e  p l o t t e d  f u r

tv: h m c m t i m m i s :  t h e  f r e - e s t r e ’ a u u u  and  t h e  w a l l — l a y e r  ed ge - .

In t h e  Se ’ an d  i c a t i on s  , it is n e c e s s a r y  t m m a d j u s t  t h e  d i s t u r b a r u  Ce- s c a l e

d i n e re ’n t l v ,  d c - p e n d i n g  on w h i c h  d i s t u r b a n c e  v e l o c i ty  c o m p o n e n t  is d e s i r e d .

S~~ e m . i f i c a l l y  , t h e  t r a n s ’ c r s e  d i s t u r b a n c e ’ v e l o c i ty  in t h e  p r e s e n c e  of t h e

p late is

- 

~ 
= cu (1 1 ) ~~~~~~~ (

~
) d L  ( t m l )

s i n c e  t h e  l im i t o( i )  — cx p  ( i  L T M p lus  b o un d e d  te r u u u  s is r e q u i r e d  in t he  f r e e  —

st  u ’ e a I i i  and s i n c e  )~~ / - J x  i s o r m w o r t i o n a l  to  cuL~ r a t l i e - r t h a n  i t m  d er iv m t i ’ e ,

I I c  st r e m n i ’ i s c  c u u i m p O n e - n t , ii~~ / ) v ,  m r m b m u r t i m m m m a l  t o  c m - ~ is o b t a i n e d  f r o m

~m (  Se~ - tj o~ ~~. [ mu t t r e - e s t r e a n u , (~ l c -  f o r m

I - 2t  ~~~ — i N ’ - (~ (~~
, - i N )  I I

- i i i - , - e \‘~ e’
cu , i N  i t  — ( C — — —---—-— e e u ,._

L r

is c on u m i t i b l i -  w i t h  ( 1 1  i t  t h ~ - s t r e a r u u w i s e  c o m p o nen t  is

exP [i~~ (t  - - 

~: ~ ~~~~~~~~~ (
~

) d L  ( m ~~ )

— —

~~ç~~
[)

~ -~~~ P~3E ~L-r~(-,’ccT ~‘IU€ D

-
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E q u a t i o n s  ( 6 1 )  and (63 )  c o r r e s p o n d  to ( 1 1 ) ,  w h i c h  app lied in the absence  of

t h e  p la te .

4 . 1 F r e e s t r e a m  p r o f i l e s

P r o f i l e s  of d i s t u r b a n c e  ve loc i t y c o m p o n e n t s  in t l u e  f r e e s t r e a nu  a r e

d e s i r e d  both f o r  c o nu p a r i s o n  wi th  r ecen t  e xp er i n u e n t a l  p r o f i l e s  ob ta ined

b e h i n d  a v i b r a t i n g r ibbon  ( N a c h a n ov , K oz lov , and N e v c h u e u i k o  1976 ) and

b e c a u s e  d i s t u r b a n c e s  t h e r e  a r e  the  l a r g e ’ s t .  The  c o m b i n a t i o n  of ( 5 1 ) ,  ( 5 5 ) ,

and  ( tm l ) t h r o u g h ( t  31 r e s u l t e d  in t lu e  c l o s e d — f o r m  p r o f i l e s :

U t d ~~/ 0 v I  
- ! 

~~~~
° 

S1 
( Y  - ~ S 1 ~~~~ 

- 

~~~~~~ 

- 2 Y e )

F 
- ~~~/ ) x  ~ C 1 ( Y - Y 0 ) + C 1 I Y  + Y o - 2

c 2 [C 1 ( Y  - 2 Y )  - C , ~~ ~ ~o - 
~~~~ ~~~~ 

~ o - 2Y (J

- Y
- Zc e i-c , ( Y

0 
- 

~~~~~~~ 
~ C , Y 0 

- Y )  ~ S , 
~~~ 

-

( t m - I _f

V.- m e r e

x - x
0) ( t m c)

a m i d  w h e r e ’ 
~~~~ ~~1 ’ ~~~~ 

S , u re c i t e - e r u l s  d e f i n e d  mv

~ C k ( x (
~ 

- ç

r 

~~~ 
( (

I 
r I m s  (x t ~ cit

~ 
5k 

( x ) ~ .,-
~~ 

(t
2 

‘ I ) k 
~~ s i n  xt

1 )



~1

~i m md  e’ v a  lu a t e ’d b y  pa r a u i  i c - t e -  r d i t  be r e n t i a t  ion . The c l o s e d —  fo  m i  r e s u l t s  a r e

= ~ e~~~~ [ - x  e r f c
(
~~ - 

~
) ~~ e~~ e r~ c (h .~~~~~4 

~
] ( 6 7 )

N t  (~ :~ - ~~ (~~~) I (
~

) 
~~ 

( x )  ~~~~~ (~ ) e x p  (
~ ~ 

( 68)

( x l  - .~~~ S~ ( x l  ‘ (~) (~~~ 
( x )  ( 6 9 )

St r e - a u m u w i  se p c r t u r b a t i m m i u  p r m  f i l e ’ s  a r e -  c omp a r  e’d in f i g u r e  8 wi th

x - ~~- r i n ’ - - m t t I  u m n - u s u r e u i i e n t s  m m l m t t u i u e d  ( b \ u c h a n m _ u, , K m m z l m m v , a n d  l , e v c h e n k o

I ~7 ’ ’I  hc 1 m i ~id i \ i I m r a t i l u i . t  r i l m l , o r u  in the-  p r e s e n c e -  ot a p late .  A s  d e s c r i b e d  in

I 1~~~ m l i t r e  - I ’ V i r e m n i a  I m m u l \ t e , e .l n i c  I n s t i t u t e ’ , t h e  e’x p e - r in u e ’nt w a s  p e r f o r n u e ’d at

a I rc ’ ; i m e - n ( - v c I t  1 1 - 1  I L - - m ud an u r ~~b i e - i i t  s1ue ’ed of ~2 c m/ s e c .  hu& ’ r i bbon

loc u t i o n  V. m s  not  s p e c i f i c - c l , ( I t s  l o c a t i o n  is r io t  c r i t i c a l , arud it luas been

m s s i i r u i t d  t o  l ie  a h m u ~ c t i m e -  l e a d i n g  ed g e . )  The Tu e -an  b c m u n c l a r y — l a y e - r ed ge ’

m u d  s u r f , c e  e- V. C re- l o c a t e d mt . and  S . m e - s p e c t iv e  l~ . F l u -  t h c o  r e t i c a l  y —

(t  h u e  r i m  L f l  f I l l  u r n  C C I I )  rd e n  at e  p l o t t ed  ) was  opt  in i i c - m i .  The’ rb  it  r a ry  a in 1)1 i tud e’

s e a l i n g  is the ’  s a m e -  at i l l  s t a t i o n s .

1-i gu r e  ~ i n d i c a t e s  t h a t  t h u  c ha r a c t e r i s t i c  d i f f u s i o n  w i d t h  is o n ly  h a l f  of

the ’ t I c - m m  n e - t i c  i i  v a l u e  and t lu a t  t h e -  dec cy is m u c h  nu o  r e- r a p id. Since  ti -m e se

d i s c  re ’p ane ics would a l so  o c c u r  in t iu e absence  of a p la te , ej t l ue  r ( 5 )  is w r o n g ,

w h i c I u  s c e n t S  most  u n l i k e ly ,  o r  t he  e x p e r i n u e n t a l  f r e q u e n c y  r ou s t  have  been

45
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twice  the r epor ted  114 Hz. If it is the  l a t t e r , q u a n t i t a t i v e  as wel l  as

qua l i t a t ive ’  a g r e e me n t  could be’ r e ’ported .

4. 2 W a l l - l a y e r - e dge d i s t u r b a n c e  amp li tude

In f i n i t e s i m a l  e x t e r n a l  d i s t u r b a n c e s  can onl y cause’  b o u n d a r y - l a y e r

t r a n s i t i o n  to the  extent  t i -mat  t h ey  exc i t e  b o u n d a ry - l a y e - n  i n s t a b i li t i e s .  S ince

T o l l n -m i e n - S c i u l i c ht in g wave’s.  i . e. , t w o - d i m e n s i o n a l  e’i genu n o de s , t r a v e l  it a

ph a s e  speed of about  o n e - t i - m i n d  t h e  am b i e n t  speed , c o r r e s p o n d i ng  to a

c r i t i c a l  lave ’ r (of  as y in  ptot ic  s t ai) i l i t v  t h e o r y _f l oca ted  n e a r  1) = 1 , as m u c h  or

m o r e  in te  r e s t  m u s t  ( m e ’  f o c u s e -d  out t i - me f o r c e d -  r e sp o n s e  d i s t u r b a n c e s  of rela-

t i v e lv  s n - m a l l  a mp l i t udes  n e a r  ~ 1 , as in t he  v e r y  muc h la rg e - r a u u u p l i t udes

in the  f r e e s t  r e a m .  In t h i s  cen t  r a l  p o r t i o n  of t i - me ma in  b o u n d a r y  laye r , the

st r e a r u u w i s e  c o nu p o n e n t  is , u l ~c - u v s  m u c h  l a r g e r  in m ag n i t u d e  t i -man the

t r a n s v e - r s e  c o m p o n e n t  and is found  ( f i g u r e  ~~ _f f o r  any  11 once t iu e  va lue  at the

~v a l l — l a v e -  r c d e  is k n o w n .  -\ plot of t he  w a l l — l a y e r  ed ge d i s t u r b a n c e  is

u s e f u l  the -  r e f o r e

r u in  ( 2 1 ) .  ( ~~m 4 )  
• and (6 ~)

1/ 2  co IN T l

= 0 

( C / D ) ( m . R )  J (~~~ + i L)  e e ~~~~~~ d L  (70)

X
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Equa t ion  ( 10)  then g ives

U ~~~ = 
( C / D ) L R ) ’ ~~ “ 

e ° 
- 

e r f c  - 

-

= 0 :~
2 a

e

- 

~~~~~~ 

ex~~[~ ~ 
- 

Y o - Y
~~~

2

]
~ (71)

B e c a u s e  ti -me two p a r a m e t e r s  of t i -me r ig ht m e mb e r  and Y~ - ‘
~e 

ming le

f r e q u e n c y  and posi t ion , t h e y  a r e  rep laced fo r  g r a p hic pu rposes  wi th

p a r a m e t er s  t i -ma t  do no t .  These  a r e  Ux~~/ v ,  U y 0 / v ,  and ~ y / U
2 (which  is

equa l to ~ / R ) .  Then .

- - (~ ) (
~ 

- 

~J,~~~~l / 2  

- ‘
~e = (

~~~) (
~~~o 

- R T ~~~ (72 )

1/ 2  2 2 2
A l s o , ( C / D ) ( ~~R)  is a f u n c t i o n  ot  t h e  R ( mjJ~j / U  I g i v e n  in f i g u re  4 , at -md

and 11 a r e  f u n c t i o n s  of R
2j j v / t 1 2 

g iven  in f i gure ’  ~~
•

In f i g u r e  9, ti -me d i s t u r b a n c e  source -  has  been loca t ed  as t a r  u p s t r e an u

f ror t u t h e  l ead ing  ed ge u s  an o b s e r v e r  is d o w n s t r ea m  f r o m  the leading  ed ge ,

if his local  x —  Reyno lds  n u m b e r  is 10~~. i h e  loca t ion  and ti -me f r e q u e n c y

se lec ted  ar e  s inu ply r e p r e s en t a t i v e .  I h e  c u r v e s  in f i g u r e  m~ t iu en a r e  those

tha t  an a n em o m e t e r  should he able to m e a s u r e  if it w e r e  loca ted  at t i - me wal l-

l a y e r  ed ge and t r a n s l a t e d  alon g t h e  p la te .  The fi g u r e  i n d i c a t e s  that , if the

source  is located in l ine  wi th  the  p late  (U y
0

/ V  = 0 ) ,  tiuc a m p litude  d e c a y s

48
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0 = Uy~
) 

Ux 0fv = -10~
wv /U 2 

= 0.003

4 1500
10 — —

- 2000
1000

-1000 2500
10~~ 3 

- 

10~
U xl v

Fi g u r e  9. S t rearnwise  \ a r i a t i o n u  of Dis tu rbance  Ve- loc ity  u at
\ V a l l - L a yer  Edge f o r  V a r i o u s  Heights  y 0 of
F l u c t u a tio n  Source-
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mono ton i ca ll y d o w n s t rean u . If the  sou rce  is located below ti - me p late’ , e. g.

U y 0 / v  = - 1000 , ti -me a m p li tude-  in ti -me ’ boundary  laye r above  the  p late is

g r e a t l y r educed .  If , h o w e v e r , ti -me s ou rce  is loca ted  on the  p r o x i m a l  side so

tha t  its wake e n t e r s  ti -m e b o u n d a r y  laye r n e a r  ti -me s t a t i ons  o b s e r v e d , the

a m p li tude peaks  at a f in i t e  R e y n o l d s  n u m b e r .  ( Ge n e ’  r a l l y two peaks  should

be expec ted , c o r r e s p o n d i n g  to ti - me two lobes of t he  d i s t u r b a n c e-  in t i i e  a b s e n c e

of t i - me p late.  ) Ti-m e f u r t h e r  the - p la te  is f r o m  t h e  s o u r c e  w a k e  cerite  n ine , t i-me

s m a l l e r  the  c h a ra c te - r i s t i c  d i s t u r b a n c e  and ti -m e g r e a t e r  the  R e y n o l d s  n u m b e r

of m a x i n u u n u  d i s t u r b a n c e .

In f i g u r e  10 . the  source’  iu a s  been  f i xe d , and ti -me ’ f r e q u e n c y  I ) a r i m u m e ’ t e ’ r i z e d .

For  a s t a t ion  \v }u e’r e  Fx /  3 ‘- 10 ~
, t i e  m a x i m u m  d i s t u r b a n c e  f o r  ~ v /  F

2 
-

10 ’
~~ exceeds  ti -mat  fo r  bo th  w~~/lJ

2 
= 3 ‘ 10 

1 
au -m d 3 \ 10 ~ .

In f i g u r e  11 , the  obse- ry e ’  r ar -m ci ti -m e s o u r c e  a r c  i,oth located a d i s t a n c e

10~ - i / U  f r o m  the  l e a d i n g  e-d ge. T h e  e f f e c t  of v a r y ing  f r e q u e n c y  is s l u o w m t .

For  U y 0 / ’  g r e a t e r  t h a n  1000 . t i - m e r e  is c l e - a r l y  a f a v o r e d  f r e q u e n c y  ( i f

pe r t u r b a t i o n  of the  b o u n d a ry  l u y e  r at tha t  s t a t i on  is d e s i r e d)  o r  a f r e q u e n c y

r a n g e  to avoid  ( i f  a q u i e s c e n t  f lo V. -  is d e s i r e d _ f .  Th is  b e i u a v i o r  i n d i c a t e s  ti -me

p o s s ib i l i t y  of de tun ing ’ a wind t u n n e l , p e r h ap s  b y r edes i g n i n g  ti -me t u r n i n g -

v a n e  c h o r d  l eng th  to avoid t h e s e  p a r t i c u l a r ly e f f e c t i v e  f r e q u e n c i e s .
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A p p en d i x  A : Lim t i n g  f o r m s  f o r  ( C / D )  (~~R ) 1 / 2

The  d i t f e  r e n t i a l  e ’quat ion  f o r  d i s t u r b a n ce ’  st r e - a m  f u n c t i o n  ( 2 0 ) , can  be

s o l v e d  in h O t  Ii t h e  l o w —  and hi g h —  f r e - q u e - n c y  l i mit s .  The l o w — f r e q u e n c y

r e s u l t , w h i c h  c m  b e’  v e r i f i e d by  s u b s t i t u t i o n , is

~~~~~. ( O h !  
( ( i ) ~ [ i - f ’ I ) j 2  G ( T l 0

) [ ;(T mi - G(T l0
)] dli + .  .

w h e  me-

-. G( - 
~ 11 - f (1I ) 1  

2 
dTl 0

1- o r  u - v a i n - m t  ion of t h e -  r a t i o  ( C  / r~~ (~~R (  1 / 2 the  b e h a v io r  m i t  ~ as Ti -
~~ ~~ is

ne c - c!e~ d:

{c~~( 0 ) ( 1  
~~~~~ 

(~ ( T 1) ~ 2f 11 - f ( f l )L  F) r l~~~d~~~ [i  O(H 2 )]

~vh e  re -  I I  - ( — I / 2 . T h e -  i n d i c a t e d  i n te g  n a t i o n  is s i n g u l a r  b e c a u s e  G ( T t )

b e h a v e s  as

G ( T I ) ( Ti - ~ )~~1 ( 1  - f )
2 

+ .

A c c o r d i n g l y ,  fo r  l a r g e  ‘11,

[1 - I
T

) T i
O
fl ( ;(T _f d T i~~~ log 11 c ~ 0( 112 )

a ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -~~~~~- J
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w h e r e  c equals the  f i n i t e  p a r t  p lus log 2. Spec i f i ca l ly ,

=j
2 

[1 - f TI C O _ f 1 2 G ( T l0
) dTi 0 +f ~[1 - f~( Ti 0 ) I 2 

G (T l
0

) - ( T i
0 

- dTl 0

~ iog (, 
Z )

N u m e r i c a l ly ,  c = 2 . 1 2 ’ . T h e r e f o r e , at low f r e q u e n c i e s  n e a r  ti -m e oute r ed ge

of t h e  b o u n d a r y  l i v e - n ,

-
- 

- 

c O )  ( 2 ) 1 H
[1~~~~~2 ( l og  11 ~ c _ f  . .

i i  e [1 C m :  ~ . . • }

The  use- of ( 2 1)  and ( 2 5 )  t h e - n  g i v e s  t h e  boun cl a n y - l a y e r a m p litud e r a t i o  as

(H (.~ R ) l / 2  ( 2 S j i ) ( 1  - c~~
2 

• . . )  1 .  ( A - I )

For  h ig h f r e - q u e n c i e s  , t i - me  c o sh ( [~ 
T

1 so lu t ion , ( 2 2 b ) ,  is not u n i f o r m l y va l id

b e c a u s e  the  t h i r d  te rrn if ( 2 0 )  b e c o m e s  i rnp o  r t an t  ~ -hen  I I  - = (T I — ~ )/  2 is

of o r d e r  . . Sinc e -  the-  ed ge l a y e r  (Sec t ion  3. 3) adds v i s c o u s  compl i c a t i o n s

V . h k ii 11 is of o r d e r  [ In  ( 13 ) 1
1 ~~ t i m e  p a r a b o l i c - cy l i n d e r  b e h a v i o r , (2~~) ,  is

onl y re- I c - v o m i t  i f  ~~~~ ~ ln ( ~~R ) . E q ua t i o n  (2~~) is e s s e n t i a l  f o r  the  dete  rm i n a t i o n

of (C  / D )  1 R )  1/ 2  t h u s , t h i s  r a t i o  w i l l  be o b t a i n e d  f o r  m o d e r a t e ly hi gh

f r e q u e n c i e s  I ~~ f l r - m ( m~ R ) J .
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In ti - m e no ta t ion  of Abram owitz and Stegun ( 1 9 6 6 )  when  H is of o r d e r

o is a co m b i n a t i o n  C 1y 1
(~ - ~ ) + C ,y , ~~ - 

~ ) of pa rabo l i c  cy l inder  fun c-

t ions  y
1 

and y 2  wi th p a r a m e t e r  a - 1 / 2 .  T h e  c o s h( ~~fl )  solution f o r

of o r d e r  one w i l l  m a t ch  th i s  if C 1 is o 1 ( O ) e x p ( ~ ) / ( 2~~) and  C ) is

It r e m a i n s  to e x p r e s s  y
1 

and v , in t e r m s  of s t a n d a r d  solu-

t ions  U and \ , so tha t  the  a sympto t i c  b e h a v i o r  of y 1 
and can be found.

Since  U ~< V f o r  l a r g e  a r g u m e n t s ,  o n ly  V is r e t a i n e d .

V __________y 1
— - .—  -)

r :~2 / 2  F 1/2 ~ 2 (1 +

C-
-
,

- -- I
— I I

T~~~ 2 (  ~

- 1/ 2  2~~~~~ 
/2

T h e  use of t h e - s c  and  Ste  n l i n g s f o r m u l a  p ro v i d e

1/ 2  
~ 2 ( 1  -~ 

2 1,2 2
I I ‘~~ C

o . K O )  
~~ l (  ~ / 2 (

w h i c h  w i t h  a n o th e r a p p l i c a t i o n  of St e - r l in g ’ s f o r m u l a  p r o v i d e s

(
~

) (2 13 ) 1/ 2  exp  - 1
2

/ 2 m - B )  
~2 

, H -  1/ 2 )  ( .- \ -2 )

The  lin~i t i n g  f o r i n s  A —  1)  and I A —  2 )  a r e -  p lo t t ed in f i g u r e -  4 .
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A p p e n d i x  B: Ed g e - l a ye r  so lu t ions

Fou r  indepen den t  so lu t ions  w e r e  soug ht f o r  t h e  ed g e -l a y e r  equat ion

00, hhhh ~ ie~~~ ~~~~~~ 
- 0 ( B - I )

( 1)  (2  ( 3 )
The  f i r s t  t h r e e  of t h e s e,  

~o 00 , and 00 
w e r e  ob ta ined  b y r e c o g n i z i n g

the s e r ie s  e x p a n s i o n s  fo r  l a r g e’ pos i t ive  h.

( 1 )  
~ O(e

h ) ( B - 2 )

( f l  — h
00 

h i- O(he  I ( B - 3 )

( 3 )  1 — l
00 

.‘.- h ’ - 0(h~~e’ ( ( B -4 )

T h e n , the  f u n c t io n ,

41) i + ~~ -i ( B - s )

is an exac t  solut ion , and

- - h k
h ~

- ie ’h (h - - 1 1  ~
- ~ ( - t e  1 ( B - b )

2 ( k )  k ( k  - 1)



________________ - --

N e l v i n  f u n c t i o n s  in the  f o r m

~~ 1) ( •  -h
1
1/ 2

1 
- 

( k ) 2 ( ‘ . i C~
_ h

) k 
(B 7)

fe
~~~~~ 

- [2 ( i t )~~~~ ] 1 th ( . ~~~ h~ k 
( l3 -~~)

( i e
h

)
h / 2  j  [ ‘ ( i e - ~~~~~~~~~~~~j 

~ 1
. -h

1
k 

( 13-9 )
[ ( k  — 1( ~ J~~ k

a r e  u s e d .  i- r o u n  t h e -sc-

h -h 
(i - 4)  - Q

1 
[2 ( i e~~~~~( h / 2 j  ( 1 3 - 1 0 )

iS t o u n c i , whe-

Q 1
( z )  - 1 - T o (

~~ 
2 

~~~~) 

f  [1 - J
0

t ( }  ~~ 
~ 

J~~( z )  ( 13 - i l )

S i m i la r l y ,  t O e -  s e r i e s r e p r e s e - m m t a t ~ - m of ~~~~ is

1
2 

- ie 
h (h 2 

~~ 8h - 1-s ) 2 
) h 1 k 

~~( i i  ‘- 1 ~- 2 \ I
2 ( k !) ~~k (k - 1)

2z. (k • 1 )  
k

4
k -  1]

( 1 3 — 1 2 )

5b 

~~~~~~~~~~~~~ --_ _
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sc-here  ~ is 1- o le  r I
5 co n s t a n t  and ~ ) 1)  is the I ) S1 ( d t g a r n ’ n c i ) f u n c t i m  m i t .

in e-a n  s of a s e ri e s  ni m u m  ipu lat  ion ,

(~~~~~
k (k~~ I )  

~ ~~~~ [2 ( iw ~
112

J - ( i w )
h / 2  I i

(k ~ )~ k (k - 1)

- 

~
) 

~
‘o 

[2 ( i w ) 1H - ( iw ) ~~~
2 J 1 

{ 2( i w) ~~~
2

1~

- 2 ( 1  iw) f  ~ 10
(t )  ~ ~

) J 0
(t )  +

- - iw ( -1 - - 

~~ 
~~~~~~~~~~~ ( iw) h / 2  j [ ) ( ) h / 4 ]

f

2 ( i w ) h / 2  
f i  - ~l

0

( t ( ~~ ~~~~~

(B — 1 3 )

-) - 1/ 2
k , ( t w )

(t 
i i

’
) - _ 4 i ’.v

,[ 
[1 - J

0
( t ) 1  ~~ J 0 [2 ( i w _ f~~~ ’ 1  - 1

1/ 2
2 ( i~~ - )

- 1( iw) ~~~~~
2 I

i 
{2 ( i w ) ~~ 21 4 2 i w  4 -1 (1  I \v _ f f

- . .i;: [1 - J 0( s ) 1  
~~~~~ 

~~~~ ( 1 3 - 1 4 )

F n o u n  t i - m e - s e  e qu a t i o n s .

- i~~ i ie~~~ (h
2 Zi - m ) 2 ~(h + I 2~~) 01 [2( ie ) l / 2

] I Q 2 [ 2 ) i e  ) 1/ 2
i

( 13 — 1  ~ _f

c~m)

-~~~~~~~~
-i~~~~ —-~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~- - -~~~~~~ -



—- ,~~~~~~~
‘ T~~ 

‘ ‘ -  ‘ ‘
~~~ 

- 
~~ ‘

is found , w h e r e

- 

- 

Q ) ( z (  = ~~ ~Y 0
( z )  - 

~~~ ~
‘
i (

~~~ 
- 2 (In fl [J 0

( z _ f  - ~~~ J j ( z ) ~ - (1 ~ 2~~)

- (4  - ~ 10
) t )  ( l u  ~) J

0
( t )  ~j0

t 
~j - J

0
( s ) J

( B - 1 6)

S o l u t i o n s  42_ f and o~~~ w i l l  i)e c o m b i n e d  au - md s i u t i p l i f i ed  iu ( B -  3o )  and (B - 3 7) .

An a t t e- r i r ) t  to f i n d  a f o u r t h  s e r i e s  i-m • . ‘ was  a b a n d o n e d  in f a v o r

of a s v u ii  ) t m m t  i c  ne - ore ’  s e ’m i t m e t i o n s  of ~~~~ it —~~ —
~~~~. l - : iu~u t i o n  ( 1 3 —  1)  s i mo u l d

p o s s e s s  two s o l u t ion s  t h a t  a s v u m m p t o t i c - . m l iv  sat  is I v  the  - i n v i s c i d ’ l imi t , ~ -he re-

m e -  dU f e r e - - i c e ’  0)3 hh 
— 00 v a n i s h es .  I b i u s  s o l u t i o n s  ar e  soug ht of t i - me  f o r m

( 1 )
00 e - - a k ( B - i T )

- hk  ( B - i s )
0 h .0 2

( I _ f  
~~ is  s o i l  p l — I 0~~ . w h i c h  p r e - e l u d es  f r ’ o u i i  he - in g  t i - m e  f o u r t h  i ndep en  —

de it  s ol ut ion d e s i r e d .  1 hus  is n e e d e d , it h a s  t h e  m sy m u  pt ( it  i C

Oil 15 ion

- 2i~~~~ f~k - i ) 12  ( ie-~~~
’ ( B - 19 )

0 k ( k  1)

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~~~~~~~~ -~~~~~~~~~~~~~~~~ ‘. - --~~~~~~~~~~~~~~ - -—- -~~~~~~~~ - - — - —-~~~~~~~~~~



_ -
- ‘~~~~~~~~

‘-—--‘--- .—
~
—- _“. - - - - - 

-

l i e c a u s e -  t h i s  s e r i e s  w~~s u n r e c o g n iz a b le~ it was  n e c e s s a r y  to w o r k  wi th  a

-~ r e l a ted  f u n c t i o n  ~ d e f i n e d  by

k

~ ~~~~~~~~~~ - .2 i~~~ [( k  — 1) ~ I
2 

(—s- ) ( B — 2 0 )

-,‘, l ie-  re, vv is CXj )  ( — h )  i m e  ne ’ a nd l i e  low. Now ~ s a t i s f i e s  tile s e co n d — o r d e r

e q U - m t  1(1 !

F w~ - iw~ 2i ( 1 3 — 2  1)
ww w

w i t i i  c o r n p l e r m m e n t a  r v  so lu t ion

~~ 
-
~~

-T o 
[ 2 ( j ~~~~~ l~~~~~~~

2
~~ i l 3 i l ~~~ [2 ) i w ) ~~~

2
] ( 1 3- 2 2 1

is used r a t h e r  t h a n  bk -c au s e  it is d i r e c t l y e x p r e s s i b l e  in Kelv in

f u n c t i o n s :

• J
0 

[ 2 ) i w ) ~~~~ J b e n  ( 2 w h / 2 ) - j  i ) C i  (2w h / 2 ) ( 1 3 - 2 3 )

H~
11 [ 2 ( iw ) h / 2

] - k e r  (2\v 1
~~~ ) - i k e i  ( 2 w ~~~

2 _f ( B - 2 4 )

-\ pa r t i cu l m r so lu t ion  of ( 1 3 — 2 1 ) ,  ob ta ined  b y the use ’ of an m n d i c i a l  f unc t i on  and

1) u h a n - m e l  i n t e g r a t i o n , is

61



-— 
~~~~~~ ~-~~~~~~--

- 2u [2 ( i w ) 1 12 ]f i -1~~~ [2 ( i t ) 1 ~~~~~~

- IT ~~~ [2 ( i w) 112
]j  ~~ ~~ t ) 112

] ~~~ ( B - 2 5 )

B y  t h e  a d i u s t m m i e - m m t  of t i -me c o e f f i c i e n t s  A and B of t he  comp l e m e n t a r y  func-

t i o m s  e ’ach lower  U n - m i t  in ( 13-2  ~ ( is set sepa r a t e l y.  M o s t  c o n v e n i e n t  fo r

is ~~ . l o r  J , m a y  I ) d  r e n i e t e n  a is chosen . Then , the  sum ~~ : 
~~ p r o v i d e s :O - c p

= - 2~ f 2 ) i w ( ~ 
/ 2 ~~

f

” 
H~~

11 I 2 ) i t ) 1 / 2
1 ~~

- i {~~~~~~~ [2 ( iw ) 112
J (J J 0 [ 2 ( i t )~~~~ j ~ - FPJ J

0 
[ 2 ( i t ) ’12

1

(B — 2 b _ f

w h e r e  1-1’ ci e - - i ot e s  t h e  m i t e  pa rt of t i - me in t e g  n a l . Two quad n a t u r e s  the -n

p r  mmv id  e- t m e -  f o u rt h  m dc’ pe n d en t  s o l u t i o n :

( 2 )  
~ 2_f

1’ 
dw

0f 

dw
1 

~ [2 ( jw )
1 / 2~ [2 ( i w 2

) 1 / 2~ ~~~~

- i i ~~
1) 

[ 2( i w
1 

1 
/ 2 J  (f

w I 
J 0 [ 2( i w

2
) 1 / 2 J ~~~~~

- F PJ  J
0 12 ( i w ~~) 1 / 2

] 
thv~~

)

~

(13-2 7)
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13 . 1 Limit h ( o u t e r  ed ge)

- ( 1 )  ( 2 )  ( 3 _ f  -
A s ytu pt o t i c  f o r m s  f o r  

~ o ~~ 
and c10 

a r e  shown en (13 — I ,  ( 1 3 — 3 ) ,

a n d  ( 1 3 - 4 _ f .  Use  of ti - me e x p a n si o n s

,f’ [ j~~~~ 
{ 2( i t ) 1

~
’’ }  ~~

-
~

- — ~5
i~ ( ln w )

2 F ( -~ 
i 

~
-) In w

- FP 5 i l ~
11 [ 2 ( i t ) 112

] ~~ + 0kv In w )

( 13—2 8 )

[ 2 ( i t _f~~~2
1 ~~ ln~ v - i- .

~f J 0 
[ 2 ( i t ) 112

] ~~ 0 ( w)  ( 1 3 -2 9 )

r e s u l t s  in the  fo l  I i  ox in g r e pt~ 5 e m i t , m t  ion k m r

ih 2 f Z i i i  cif p {2;~ 1-
Pf 

1 1
~~~~H [2 I i t 11’

~1 ~~~ 
- (~~ i 4\ ( df p] + TST

( 1 3 —  30)

v. he r e

df p i-~ f J 0 [ 2 ( i t )~~~2 1~~~ + FI1f J 0 [ 2 ( i t )~~~2 ! ~~ ( B - 3 1 _ f

The  two qu a d r a t u r e s  of ~ /w
2 then  r e - s u i t  in t i e  a s y m m i  m t m m t  i c  t m n n m  4 e - s n r e d , i. e.

( 2 ) ~~ -

~~~ 
(-k ) ~~ 4 e 2 h 2 

+ -
1

h 
~~~~~ 

( B —  32 )

L -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - _________
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w h e r e

e ) — i [ 1  — df p] ( B — 3 3 )

e 1 2i [i - df p] * 2~ FPf ~~~~ I 2 ( i t )  1 / 2~ ~~ - (~ + i-4~~) dI p (B -3-1 )

( ‘ )  
— 

1 1
e 0 = FP o0 

: FPJ e’ f e’ ~ (h 2
) dh ,dh 1 

( 1 3 - 3 5 )

.-\ lt houg h a l l  th re - e e .  can  i)e e v a l u a t e d , t h e y  have ’ not  b e e t , b e c a u s e  t h e y

a re - not  n e e d e d  f o r  ze r m m — o r d e r  m . ut c h i n g .  The  c o e f f i c i e n t  if 3 of t i -me cub ic

( , _ f
t e  r a t  in  ( B —  12 )  is needed , w h i c h  j u s t i f i e s  o b t a i n i n g  °~ 

and i t s  l i m i t i n g

f o r m  s h o w n .

13 . 2 Litu it  i — -~~ ( irmne - n e-dge-

F r o m  ( F - s )  it is c l e a r  t h a t  as i ~~~~~~~ o~~~ i e x p ( - h _ f , and , f r o m  (13-18)

t : at  e - x p ( h _ f .  I - ; x a r i m i n a t i o n  of ( 1 3 —  i i )  m d  mc me te ’ s t l at o~ g r o w s  as

h —~~~ muc ii uvm o re  ra p id ly  t h a n  e x }) (  — h I .

Th e -  s a m e  is t r u e  f o r  ~~~~~~~ The r e  is , howe-ye  r , a l i n e a r  combina t ion  of

m m m d  f o r  w h i c h  t h i s  r a p id ~ a n a t ion c a n c e l s .  I hat  c o m b i n a t i o n  is

f - o~~~ (~i i  - 2 -4 ’s )  
( 2 )  ( 13 -36 _ f

n - _ f

L. ~~~~~~~~~~~~~~~~~~ _ _ _ _



—tT ~~*fV ’ , r ,  rr,5z — - — - 
~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~~~~~~

- - h / Z  -11 x — 2e , f can be’ w r i t t e n  as

f ( x )  = (4 + ix 2 ) [In (f) ] ’ 
~ In (

~
) [4 - (4 ~ ix

2 ) 
‘

~~~~ ~

- (~
_) (ir ~ 2i ~ -1~~i )  - (4  2x ~~~— [k r  ) x )  - i ki ) x ) ]

- 2 (-1 ~ ix~~)f t~ 
~ [k r ( t )  - i k i ( t _ f ]  dt ( B - 3 7 )

wile  re

-C -. - - - T j  ( 1 )  j lT 4 xk r ) x )  — i k i ( x )  ( — - )  11
0 

( X e -  ) ~ in ( — )  4- — i

i l i t ’ in t e g r a l in ( i ’ — 37 )  v an i s he s  as x — 0 , s i r - m e-c  k r ( x  — i k i ( x )  is of o r d e r

x 2 In x. I q m i e t i o n  ( 1 3 —  37 )  does  u t o t  c o n t a i n  au - m y of t i -me J 0 
(xe 1 

~ t e r u t t s  t h a t

t u s ed c~ 1~ and to  he ’ c or n e  wibounded  f o r  Lu rge-  x . Since -  I1~~ (xe 1 I )

v a n i s h e s  t o n  l a r g e ’  x t u e  m ar i e - n e d i e - ) .  an ~t s v m u m p t u t e  f m m r  f t i -mat  is m e r e l y

e x p o n - n t a l  mum in  is  Ic- ft .

- ( 1 _ f  - hI — ç~u ( c 4 m c  . )  o(e ) ( 1 3 — 3 8 )0 r

w i l e  r e

C
r 

- t~~~~~ [k e r ( t )  l n ( t / 2 )  ~ ~j dt - 8 f t
1 ke r (t ) dt : 1

12 In 2 1 ) —  2 ~ 4 ( In  2 ) ” ( 1 3 — 3 9 )

t ) 5  

~~~~~~~ - -- _ - - -~~~~ - - ~~~~~~_ -~~~~~~~~~~~~ - --



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -

c. t~ 
1 
[ke-i ) t )  + dt - t~~ 

~ ke’i ( t )  dt - (2 In 2 f 1)

(13 — 4 0 )

N u m n e  ricall y, c ~~d c are - — n . 4640-4 ar-m d tm . 7 t i S3~~m , r e s p e c t i ve l y .
- r
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LA LIORATO RY OPERATIONS

The e!i~i r a t rv Op e r a t i o n s  of The A e r o s pace Corpora t ion  is conduct ing

exper imental  and r ’ ci - r , - t i i  ci 5c r - s t i g a t m o n s  n e c e s s a r y  (or the es -at uat ion and

app l i ca t i on  of q c i e n t m f i c  ads - ances  t i  rie* mil i tary  conm - ep t s  and s y s t e m s ,  \ e r -

sat I i t v  an d f l e s c ! i i l : t v  hav e i rOn  deve lo ped to a hig h deg ree  by the laboratory

- ‘ e r s i n n i l in dea l ing d l i  r~ Ii~ rsma nv pro b lems en c c i i i  it - red in the nat ion s rap idl y

developing space and no s s m l e  i s  s t e r n s  - I- vp - r r~ se in t he l a t e s t  sc i - f l r i r ~ s des-eu-

n~~rrit-r r t s is c r a l  to the accomp l ishment cii t a s k s  re l a ted  to li t - s e problems The

labo ra to r i es  tha t c u p ’  r u i n  t i u  1 - c s  r e - s e a r c h  1?

Ae r i r i c y -  il c u r a t i r v c  Launch and r 1’ rv aerod ynamics , heat trans-
fer , r i t  rv P hV S I i I . u t - t i  - al k m l ot  - s , s t r u c t u r a l mec han ics , (mig ht dynam ics ,

a tmos ihr - n c  m i o l l u m m o n . and him i h~ pow er gas l a s e r s .

C h e m i s t r y  an d Ph y s c i -  al c r : i u r v  \ t  ii sp tm i m - r u u  react ions and atm os-
ph .’ rc c o p t i c s  - c h, nmi c a l r e a m  t m - i c - -i -i l  l i i i ri atmosp he res , c hemical reac t i ons
of exc i t ed  s p e c i e s  in r u  er p l u r m - - 4 . h i t i iiu  al ther m od ynamics , p lasma and
la s e r - i n d i m c e ’ el r eac t i ons , l a s e r  c i - t r u s t  rv . p ro p c u l s . o n  c h e m i s t r y ,  s pace v acuum
and radiat ion ef f e c t s  on nrc -il e s . : !  ri a t u u m r  arid s u m  r a m  r- p heno mena , photo-
s e n s m t i s e  m a t e r m a l  s and s e n s - - r s , ‘c m  mm ’- . p r o u  s u m  laser  ranging, an d the appli-
ca t ion  of p h y s i c s  an d i h , - nmm -I - v t o  ii r -l ,l i~r i ii of law enforcement  and bm m , me dic mn e .

Elect ron ics  l t es t - - m r c h  I r l o r a t o r y :  E lec t r o magnet i c  thr - m i r v . dev ices , and

-m propag at ion mrh en iur r mr ’na . in I - u - I c rig p lasma e r e c t n u mag ne n i c s ;  qu ant u m elect ,onics ,
l a s e r s ,  and c - l o u  t r i - i u n t i C s .  i umntmn i r r n i c a t r o n  s c i e n c e s , app lie d e l e c t r o n i c s , semi - —

conduct ing, s cu p e r u  - r r u d m u u t c  t ic ,  and c r c s t a l  ti e- - - ce p h y s i c s ,  opt ical  an d acous t i ca l
r o u g i n g  t i n -  s ri r e  p i l t u t u . i r u  m i l l i n u e t r r  sc s i- and t a r — i n f r a r e d  m e u - l r no l o g v .

\! at e l  r im u s  :u l c o r r t c rj tm - . - I c u pi urrt r of new m a t e r i a l s ;  meta u
mat r i x  T i n s  i t t - s atui l  new r n - s  c i  car bon: t e s t  and c a ln u .s t c u r l  of grap hite
an d u-c ramo i s in r i-nc r v  - space i  r a f t  o a r ,- r c a l s  and e lec t r u rn u  c compo nents in
nuc lear  - .m c a i r n s  e l i - - c r  c c n l , c t - d f . m i n i C 4 t c i i m u  of f r a c t u r e  mechan ics  t i  s t r e s s  run -
ros ion and ‘ i n c  - i nduced  f r a c t u r r - c  in s t r c c u  I - i r a !  m e t a l s .

hp~~c e S c~ e m u u e 8 L r l i m i r u t c1~~ Atmos pher ic and ionosp heric phy e i cs ,  ra dia-
t ion from th e -  u t um c i s 1 u h , - r - . i l - m c i - c r y  a nd composit ion of the atmosphere , muu ror a e
an d am r g l u c =  - n r c u i z n e r c i s m , lc r  r d  i - i c  - ii s , cos mic ra s -s . c  p r o ra t i on  an d propagat ion
of p lasma w as -es 5 the mag n i r - t  c s ; i d l i  r .- s i r  r pb s -s i  c s . s t c c c l c  - s  o f sona r  magnet ic
f i e l ds :  s p ace  a l t  ru ni nc y ,  x — r - u v  a s t f l n c - m i v .  the - c t S  -f li ii lear  ex plos ions ,
, , i ag ,me ’ c s t o r m s , an d solar m u  d l v  ir im the c-a rt h C u t , —  m c i - c c - - r’ - m mm nosp here . and
magnetos p here : the - - l i e - m r s  it  ni l ii . e l r i  t r ,- m g n e ’ c c  - and p a r ( c m u u t a t e  rad ia-
t o n s  in s pace on space s y s t e m s .

TIlE AEI’ OSE A CE Colt POE AT IO N
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